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&RPSDUHG ZLWK RUGLQDU\ OHDVW VTXDUHV TXDQWLOH UHJUHVVLRQ FDQ PRUH IXOO\ UHIOHFW WKDW WKH GHSHQGHQW YDULDEOH KDV
GLIIHUHQW HIIHFWV LQ WKH GLIIHUHQW SDUWV RI WKH GLVWULEXWLRQ RI WKH LQGHSHQGHQW YDULDEOHV DQG KDV D YHU\ ZLGH UDQJH RI
DSSOLFDWLRQV 7KH SDSHU PDNHV D EULHI LQWURGXFWLRQ WR WKH LGHD RI TXDQWLOH UHJUHVVLRQ DSSO\LQJ WKH PHWKRGV LQWR








7DNLQJIXOODGYDQWDJHRI WKHTXDQWLOH UHJUHVVLRQVHYHUDO UHFHQWVWXGLHVKDYHPRGHOHG WKHSHUIRUPDQFHRI
SXEOLF VFKRRO VWXGHQWV RQ VWDQGDUGL]HG H[DPLQDWLRQV DV D IXQFWLRQ RI VRFLRHFRQRPLF FKDUDFWHULVWLFV OLNH
SDUHQWV¶ LQFRPH DQG HGXFDWLRQDO DWWDLQPHQW DQG SROLF\ YDULDEOHV OLNH FODVV VL]H VFKRRO H[SHQGLWXUHV DQG
WHDFKHU TXDOLILFDWLRQV )RU H[DPSOH(LGH DQG6KRZDOWH>@ XVHGTXDQWLOH UHJUHVVLRQ WR HVWLPDWHZKHWKHU WKH
UHODWLRQ EHWZHHQ VFKRRO DQG SHUIRUPDQFH RQ WKH VWDQGDUGL]HG WHVWV GLIIHUV DW GLIIHUHQW SRLQWV XQGHU WKH
FRQGLWLRQ RI WHVW VFRUH JDLQV :H KDYH NQRZQ WKDW DPRQJ WKH HDUOLHVW DQG FHUWDLQO\ RQH RI WKH PRVW
FRQWURYHUVLDO VWXGLHV RI WKH HIIHFWV RI VFKRROLQJ LQSXWV LQFOXGLQJ FODVV VL]H RQ VFKRODVWLF DFKLHYHPHQW ZDV
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,QGHHGPXFK RI WKH SUHYLRXV UHVHDUFK KDV HPSKDVL]HG VWXGHQW¶V HFRQRPLF EDFNJURXQG ,Q WKH DYDLODEOH













DYHUDJH DFKLHYHPHQWV RFFXUUHG DW JUDGH DQG IRU ERWK FRXUVHVPDWKHPDWLFV$V FDQEH VHHQ IURP WKH




,W LV ZHOO NQRZQ WKDQ TXDQWLOH UHJUHVVLRQ DV LQWURGXFHG E\ .RHQNHU DQG %DVVHWW>@ KDV IRXQG PDQ\













     







FKLOGUHQ DUH HDVLO\ LQIOXHQFHG E\ WKHLU SHHUV+HUH NLQGV RI SHHU DQG SDUHQW SXVKHV DUH VKRZQ LQ )LJXUH 
XSSHUSDUW6SHFLILFDOO\WKHVROLGOLQHZLWKILOOHGGRWVPDUNHGE\WKHFDSLWDOOHWWHU³$´DQGWKHGDVKHGOLQH
ZLWK ILOOHGGRWVPDUNHGE\ WKHFDSLWDO OHWWHU³%´ UHSUHVHQWSHHUDQGSDUHQWSXVKHV WR VWXGHQWV¶PDWKHPDWLFV










DSSURDFK WR WKH VWDWLVWLFDO DQDO\VLV RI OLQHDU DQG QRQOLQHDU UHVSRQVHPRGHO 7KHUH DW OHDVW IRXU HTXLYDOHQW
PDWKHPDWLFDOGHILQLWLRQVRITXDQWLOHUHJUHVVLRQ
'HILQLWLRQEDVHGRQWKHFRQGLWLRQDOTXDQWLOHIXQFWLRQ
/HWVS[EH WKHSWKTXDQWLOHRI WKHGHSHQGHQWYDULDEOHη JLYHQ [=ξ  ,Q WKLVFDVH VS[FDQEHIRXQGE\
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'HILQLWLRQEDVHGRQWKHTXDQWLOHUHJUHVVLRQPRGHO%DLODU>@ δθξη += 7 ZKHUHWKHHUURUWHUP ε LVDVVXPHG
WRVDWLVI\4XDQWLOH ( ) =εS  ,QVWDQGDUG OLQHDU UHJUHVVLRQPRGHO WKHHUURU WHUPLVDVVXPHG WREHD*XDVVLDQ
HUURU
'HILQLWLRQ EDVHG RQ D FKHFN IXQFWLRQ .RHQNHU DQG %DVVHWW>@ ( ){ }[( S =′−Θ∈ ξθξηρθ
PLQ
 ZKHUH ( )]$τ WKH
XVXDO LQGLFDWRU IXQFWLRQ RI WKH VHW $ Θ LV D SDUDPHWULF VSDFH IRU θ  ( ) ( )( ) ( ) ( )( )]S]S]] RS   ∞−∞ −−= ττρ LV
FDOOHGFKHFNIXQFWLRQ

















ZKHUH ( )εϕ LVWKHSUREDELOLW\GHQVLW\RIWKHPRGHOHUURU ε 
,Q WKLV SDSHU ZH XVH WKH GHILQLWLRQ EDVHG RQ.RHQNHU DQG %DVVHWW¶V GHILQLWLRQ LQ ZKLFK WKH GHSHQGHQW
YDULDEOHη LV WKH PDWKHPDWLFV DQG VFLHQFH V DFKLHYHPHQW DQG WKH LQGHSHQGHQW YDULDEOH ξ LV WKH H[WHUQDO
H[SUHVVLYHYDULDEOHVPHQWLRQHGEHIRUH
'RXEOHNHUQHODSSURDFK
:H KDYH VHHQ WKDW WKH FRQGLWLRQ LV D YLWDO LQJUHGLHQW IRU TXDQWLOH UHJUHVVLRQ +RZHYHU WKHUH DUH VRPH
SUREOHPVDVVRFLDWHGZLWKWKHH[LVWLQJNHUQHOZHLJKWLQJHVWLPDWLRQRIWKHFRQGLWLRQGLVWULEXWLRQ)RUH[DPSOH
VRPH HVWLPDWRUV RI WKH FRQGLWLRQ GLVWULEXWLRQ DUH QRW D GLVWULEXWLRQ IXQFWLRQ VHH 6WRQH @> IRU H[DPSOH WKH
RWKHUVDUHGLVVDWLVIDFWRU\IRUWKHTXDQWLOHFXUYHEDVHGRQWKHVHHVWLPDWRUVPD\FURVVRQHDQRWKHUZKLFKLVRI
FRXUVH DEVXUG VHH +DOO HW DO @> IRU H[DPSOH 7R DYRLG WKHVH SUREOHPV ZH HPSOR\ WKH ³GRXEOH NHUQHO´
DSSURDFKRI<XDQG-RQHV @> LQWKLVSDSHU
:HNQRZWKDW WKHFRQGLWLRQGLVWULEXWLRQLVDYLWDOLQJUHGLHQW IRUTXDQWLOHUHJUHVVLRQ<XDQG-RQHV @> DQG
+DOOHWDO @> KDYHUHFHQWO\FRQVLGHUHGVHYHUDOPHWKRGVIRUHVWLPDWLQJFRQGLWLRQDOGLVWULEXWLRQ,QWKLVDUWLFOH
ZH HPSOR\ WKH ORFDO OLQHDU GRXEOHNHUQHO VPRRWKLQJ PHWKRG SURSRVHG E\ <X DQG -RQHV @>  6SHFLILFDOO\
VXSSRVH WKDW ξ  η "  Qξ  η  LV D VHW RI LQGHSHQGHQW REVHUYDWLRQV IURP VRPH XQGHUO\LQJ GLVWULEXWLRQ
( )\[4  ZLWK GHQVLW\  \[ϕ DQG LQWHUHVW FHQWHUV RQ WKH UHVSRQVHV Lη FRQVLGHUHG WR EH UHDOL]DWLRQV IURP WKH
FRQGLWLRQGLVWULEXWLRQ  [\4 RUGHQVLW\  [\ϕ RIη JLYHQ [=ξ 
'HILQH ( ) ÖÖ































ξξ  ZKHUH O DQG O DUH WKH
EDQGZLGWKLQ [ DQG \ GLUHFWLRQVUHVSHFWLYHO\7KHIXQFWLRQV%DQG$DUHWZRNHUQHOIXQFWLRQV
'HILQH ( )[TSÖ WRVDWLVI\ ( )( ) S[[T4 SKK =ÖÖ  VRWKDW ( ) ( )ÖÖ   [S4[T OOS −= 
7KHLPSRUWDQWLVVXHZLWKWKHNHUQHOILWWLQJDSSURDFKLVWKHEDQGZLGWKVHOHFWLRQ7KHUHDUHVHYHUDOGLIIHUHQW
ZD\VWRVHOHFWWKHEDQGZLGWKLQWKH [ GLUHFWLRQ+HUHRQHUXOHIRULWVLPSO\PRGLILHVWKHEDQGZLGWK PHDQO WKDW
ZRXOGEHXVHGIRUPHDQUHJUHVVLRQDQGFDQEHLPSOHPHQWHGDVIROORZV
(PSOR\LQJWKH5XSSHUW6KHDWHUDQG:DQG¶V>@WHFKQLTXHWRREWDLQ PHDQO 7KHWHFKQLTXH LVEDVHGRQWKH
DV\PSWRWLFPHDQVTXDUHHUURU$06(WRJHWKHUZLWKWKH³SOXJLQ´UXOHWRUHSODFHDQ\XQNQRZQTXDQWLW\LQWKH
$06(E\LWVHVWLPDWRU
&DOFXODWH ( ) ( ){ } »¼º«¬ª −= −  S)JSSOO PHDQS ZKHUHJDQG)DUHWKHVWDQGDUGQRUPDOGHQVLW\DQGGLVWULEXWLRQV
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6LPLODUO\IURPPLQLPL]LQJWKH$06(RIHVWLPDWRURYHUWKHEDQGZLGWK SG LQWKH \ GLUHFWLRQWKH SG FDQ
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